1 Introduction.
The main objective of the present paper is to construct a reasonable singular homology theory on the category of schemes of nite type over an arbitrary eld k. Let is a quasi-isomorphism, i.e. H sing i (X) = CH n (X; i), where CH (X; ) are the higher Chow groups introduced by S. Bloch 1] .
Here we prove that the rst conjecture is true. The method of the proof is close to the methods developed previously by A. Suslin 19] , 20],O.Gabber (unpublished), H.Gillet and R. Thomason 5] and R. Jardine 10] for the computation of algebraic K-theory of algebraically closed elds. In section 3 we prove a rather general version of the rigidity theorem of Suslin, Gabber, Gillet and Thomason (theorem (4.4) below). The crucial role in the application of this rigidity theorem to the problem in question is played by h-topology of Voevodsky 21] . One of the main results of the paper (theorem (7.6) and corollary (7.7) below) shows that if F is any qfh-sheaf on the category of schemes of nite type over an algebraically closed eld k of characteristic zero, then H sing (F; Z=n) = Ext qfh (F; Z=n): Applying this theorem to the sheaf Z qfh (X) and using some topological computations parallel to theorem (7.6) we conclude the proof of conjecture 1 in section 7. The last section contains a generalization of the main theorem to cycles of positive dimension: we prove that for projective varieties over C algebraic Lawson homology with nite coe cients coincides with the usual one ( 12] ). This answers a question raised by E.Friedlander.
For reader's convenience we have included an appendix where we discuss brie y the de nition and some of the main properties of h-cohomology (for more details see ( 21] ). There we give in particular a corrected version of the proof of the comparison theorem relating h-qfh-and etale cohomology (the proof of this theorem in ( 21] ) contains an error). 2 The relative Picard group. Let X be a scheme and let Y be a closed subscheme of X. Set Proof: It follows from the exact sequence 1, the ve lemma and the homotopy invariance of the Picard group for normal schemes.
3 Singular homology of curves.
Let k be a eld. All schemes considered in this section are assumed to be of nite type over k. Denote by n the closed subscheme of A n+1 given by the equation t 0 + : : : + t n = 1. There are obvious coface and codegeneracy maps i : n?1 ?! n i : n+1 ?! n making : a cosimplicial scheme.
Suppose, that S is irreducible and X is any scheme over S. Denote by C n (X=S) the free abelian group generated by closed irreducible reduced subschemes Z X n such that the projection Z ?! S n is nite and surjective. One veri es immediately that if Z is as above, then each component of ( i ) ?1 (Z) X n?1 is nite and surjective over S n?1 and hence has the \correct" dimension so, that the cycle-theoretic inverse image ( i ) (Z) is well de ned and lies in C n?1 (X=S Proof: Let Z X n be a closed reduced and irreducible subscheme. The projection Z ?! S n is nite and surjective if and only if Z is closed and of codimension one in X n . Since S is normal and X is smooth over S any such Z is in fact a Cartier divisor on X (see 9, 21.14.3]). Thus C n (X=S) = Div( X n ; Y n ). Let where A n = ?( X n ; G X n ;Y n ) G n = ff 2 k( X n ) : f is de ned and equal to 1at each point of Y n g and k( X n ) is the multiplicative group of the eld of rational functions on the scheme X n . Let us show that A n = 0 for all n. Consider an element f 2 ?( X n ; G X n ;Y n ). The main di culty is to check that these trace maps are compatible with the base change homomorphisms, i.e. satisfy the property 4.1 (2) . To do so we have to interpret the multiplicities n i appearing in 4.1(2) in similar terms. Actually we do it in more general situation. Suppose that S 0 =S is any integral scheme over S. We ascribe using elementary Galois theory, certain multiplicities n i to all irreducible components X 0 i of X 0 = X S S 0 which, in the case of S being regular coincide with multiplicities given by the Torformula and (in the case when S 0 is also normal) make the following diagram commutative
The explicite formula for multiplicities n i shows that they belong to
Z 1=p] where p is the exponential characteristic of k. Moreover n i 2 Z if 12 S is a regular scheme. However, A.S. Merkurjev produced recently an exmple showing that for an arbitrary normal S the multiplicities need not be integers.
In the next section this construction is used to show that if X is any scheme of nite type over k and S is a normal irreducible scheme then C 0 (X S=S) Z 1=p] coincides with the group of sections of the free qfh-sheaf Z 1=p](X) of Z 1=p]-modules generated by X.
Fix a eld k. All schemes considered in this section are assumed to be of nite type over k. We denote by p the exponential characteristic of k.
Assume that S is a normal connected scheme. Let E be a nite normal extension of the eld k(S) with Galois group G, let Y denotes the normal- Let p : X ?! S be a nite surjective morphism from an integral scheme X to a normal connected scheme S. Denote by Y the normalization of X in the normal closure of k(X) over k(S). Let further V be an integral scheme over S. Denote by W i ; i = 1; : : : ; k (resp. U j ; j = 1; : : : ; l) the irreducible components of X S V (resp. of Y S V ). The morphism Y S V ?! X S V is nite and surjective and hence for any i there exist components U j lying over W i . Denote the number of these components by t(i). According to (5.5) dim(U j ) = dim(V ) for any j and hence dim(W i ) = dim(V ) for any i (i.e each component W i maps surjectively onto V ).
We will consider W i (resp. U j ) as reduced closed subschemes of X S V (resp. Y S V ) and we will denote byŨ j the normalizations of U j . 
In the above situation de ne the multiplicity n i of the component W i by means of the formula
Lemma (5.6) shows in particular that n i 2 Z 1 p ] (apparently these multiplicities are always integers, we did not care to check since we did not need that). Note the following evident formula:
Lemma 5.7 Assume that S is regular and V is a closed subscheme of S. 
Lemma 5. According to the lemma (5.6) this expression is equal to
Since the map F(V ) ?! F(Ũ) is injective this concludes the proof.
6 Free qfh-sheaves.
We preserve the assumptions and notations of the previous section. For any scheme Z and any ring denote by (Z) the qfh-sheaf associated with the presheaf X ?! Hom(X; Z)]. 
C C C A
Assume that g : V ?! S is a morphism of normal connected schemes and X Z S is a closed integral subscheme for which the projection X ?! S is a nite surjective morphism. Denote by W i the components of X Z S (V S) = X S V; by n i the multiplicity of W i and set g ( X]) = P n i W i ]: One checks easily (using lemma (5.6)) that (gh) = h g , so that L Z is a contravariant functor from the category of normal connected schemes to the category of Z 1=p]-modules.
Lemma 6.1 Assume that V is a normalization of S in a nite normal extension of k(S) with Galois group G. Let X be a closed integral subscheme of S Z nite and surjective over S. Denote by W i ; i = 1; : : : ; k the components of V S X and by n i the corresponding multiplicities. Then the group G acts transitively on the set fW i g k i=1 and for each i we have
Proof: To give a component W of V S X is the same as to give a point of V S X over the generic point of X( and hence also over the generic point of V ). This is equivalent to giving a composite k(W) of the elds k(V ) and k(X) over k(S). Since k(V ) is normal over k(S) the group G acts transitively on the set of composities and the total number of composities is equal to k(V ):k(S)]sep k(W):k(X)]sep . This shows that the group G acts transitively on the set fW i g k i=1 and hence multiplicities n i are all equal. Denoting the common value of n i by n and taking into account that
we get from (3) Denote by (Sch=k) h (resp. by (Sch=k) qfh ,(Sch=k) et ) the site of schemes of nite type over k with h-topology (resp. qfh-topology, etale topology). Wherever no topology is speci ed it means that the corresponding result holds in any of the above topologies.
Let F be a presheaf of abelian groups. Applying F to the cosimplicial scheme : we get a simplicial abelian group C (F). The homotopy groups of C (F) coincide with the homology of the complex (C (F); d = P (?1) i @ i ) and will be denoted H sing (F). For any abelian group A we set further:
Note that if F has no torsion then C (F) L Z=n = C (F) Z=n and RHom(C (F); Z=n) = Hom(C (F); Z=n) for any n > 0.
De ne a presheaf F q by the formula F q (X) = F(X q ). Thus F is a simplicial presheaf of abelian groups and the complex C (F) coincides with the complex of global sections of the corresponding complex of presheaves F . Applying the functor of associated sheaf to this complex of presheaves we get a complex of sheaves F . Note that F q is a sheaf provided that F is, however F q need not coincides with the sheaf (F) q .
Suppose, that n is prime to char(k) and consider the hypercohomology spectral sequences corresponding to the complex F The following theorem shows that the rst spectral sequence degenerates. It is clear that these maps satisfy the conditions of de nition (4.1). Assuming now that our base scheme is the spectrum of an algebraically closed eld of characteristic zero we deduce from theorem (4.5 Proof: One has only to note that qfh-sheaves admit trace maps according to results of x5.
Applying corollary (7.7) to the free qfh-sheaf Z(X) and using the theorem (6.3) we come to the following result. Denote by CW the category of topological spaces which admit a triangulation. Note that the product in CW is the usual product equipped with the compactly generated topology. We will be considering CW as a site with the Grothendieck topology de ned by local homeomorphisms. To distinguish the usual topological simplices from the schemes i used above we will use the notation i top for the topological simplices.
The spaces i top form a cosimplicial topological space. If F is any presheaf of abelian groups on CW then we will denote by C (F) the simplicial abelian group F( top ) and for any abelian group A we will denote by H sing (F; A) (resp. H sing (F; A)) the homology of the complex C (F) L A (resp. RHom(C (F); A)). For any presheaf F we will be also considering (the same as above) the presheaves F q de ned by the formula F q (X) = F(X q top ). Thus F : is a simplicial presheaf of abelian groups and C (F) coincides with the complex of global sections of the associated complex of presheaves. Our main theorem (7.6) has the following easy topological version. The simplicial abelian groups used to de ne L r H alg 2r+i (Z) may be given a slightly di erent description. E.Friedlander and H. Lawson 4] proved that for any normal connected scheme S the abelian monoid Hom(S; C r (Z)) coincides with the monoid of e ective cycles on S Z every component of which is equidimensional of relative dimension r over S. Thus Hom( q ; C r (Z)) + coincides with the group of cycles in q Z every component of which is equidimensional of relative dimension r over q . 
